Answer any 2 questions

Q1.

() Represent the complex number iv/3 in the polar formre®.

Answer:
r=1/124(—V3)2 =2
T oT
0 = arctan (—v/3) = —~ = 2T
arctan (—v/3) 3 3
[4 Marks]
(i) Expresscos (1 — iv/3) andsin (1 — i1/3) in the formz + iy wherez andy are real
numbers.

Answer: Using

cos z = cosx coshy — isinxsinhy

sin z = sin z cosh y + 7 cos x sinh y
wherez =z +iy=1— iv3,
cos z = cos(1) cosh(—v/3) — i <sin(1) sinh(—\/ﬁ)) = 1.5748 +i2.3037
sin z = sin(1) cosh(—v/3) + i <cos(1) sinh(—\/§)> — 2.4525 — i1.4792
[5Marks]
(iii) Find all the values ofn (1 — iv/3) and also the principal valuen (1 — iv/3).
Answer: Using
Inz=1In|z| + iarg z & 2nmi
wherez =z +iy=1— iv3,
In (1 - 2\/3) —n2 - z% +onmi = 0.69315 + i(£2nm — 1.0472)
Lo (1-iv3) = n2 - i%

[7Marks]|

(iv) Find all complex numbers such thasin z = /2.



Answer: Usingsin z = 5 (€* — ¢'%),

2(1)
1
_ LY
2 2
—1++V5
iz=1n T\/_ + 2nmi
Using
Inz =In|z| +iargz + 2nmi
-1 D
1z = In +\/_ or 129 = In
iz; = In(|0.61803]) + 0i £ 2nmi izo = In(| — 1.6180|) + mi + 2nmi
iz = In(]0.61803]) = 2ni izo = In(| — 1.6180]) + i = 2nri
127 = —0.48121 + 2nme 129 = 0.48121 4 71 £+ 2nme
2 = —0.48121/i £+ 2n7 29 = 0.48121/i + 7 £ 2nmw
2 = 907 + 0.48121i 2 = (£2n + 1) — 0481214

[9Marks]



Q2.

(i) Use the Cauchy-Riemann equations to show that theitumct

fle+iy) = (Py+ 1) +i(zy® — 1) z,y €R

is continuously differentiable along the lings= +iz and find the derivativg’(z)

at the pointz: =1 — 1.

Answer: Cauchy-Reimann:

@ _ @ ou ov
or Oy oy ox

%:2xy g—Z:Z@y (2zy = 2zyVe, y)
@:mz @:yz N R
Jy x
S

du v
"1—i)= — —| =2(1)(=1)+i(-1)* = -2+
=i =gr wig] =N ) = 2

(i) Show that
u(z,y) = 2* -y r,y €R

is a harmonic function and find the analytic functipfx) for which u(zx, y) is the

real part, where = = + iy. Write f(z) as a function ot.

Answer: Laplace:Vou =0

00u 0

Bdr ~ 5r\ T = P2
0ou 0
— = (=2y) = =2

= Vou=0
Cauchy-Reimann:

ou_ o ou__ov
or Oy dy  Ox

[9Marks]



8u_8v

= =9
or 0Oy v
— U:/2x8y:2xy+h(x)
—_— @—2 +@
or Y7z
From Cauchy-Reimana % = @ =2y
Jdy Oz
dh
— — =0 = h=C
dx

f(x +iy) = u(z,y) + w(z,y)
= (2% = y*) +i(20y + C)
= (v +iy)* +iC
f(z) =22 +iC
[10 Marks]
(iif) Calculate the line integral

(22 4+ 1)dz
c
whereC' is the straight line”' : z(t) =t(14+:): 0 <t <1

//f

H)y=1+1

f(z(t) = (Z*(t) + 1)
= (t(1+i)° +1
=2t +1

1
/ (i2t% + 1)(1 +i)dt

0

Answer:

\
\ |

/ t2@+2t222+1+2)d
0

2
1
/ (26°(i— 1) + 1 +14) dt

1

o

22—1 + (i + 1)t
0

—1)+@G@+1)

2
(1
3
5
3 3

[6 Marks]



Q3. (i) Evaluate the following integral

eiz
—d
/c<z e

whereC is the circle with radius 4 centred on the origin (traversedeoin the
counter-clockwise direction).

[13 Marks]
(i) Show that
27 1
1 T
o V17 + cosf 2
Answer: No one who sat the exam attempted this question.
[12 Marks]

END



