Maths 2B solutions for tutorial questions on second oraexdr
differential equations, solved in the time domain.

May 5, 2008

Please report any errors to g.bevan@mech.gla.ac.uk

Questions

For each of the systems below, find
e the complementary function
o the particular integral
o the full general solution

and sketch the response. Also find the damping ratio ande iyistem is under-dampeg &£ 1), the frequency
and amplitude of oscillation.

1) it+i4+z=0 z(0) =1 #(0) =0
() j+25+y=0 y(0) =1 y(0)=0
3) 54+3:4+2=0 2(0) =1 £(0) =0
4) p+p=0 p(0)=1 p(0) =0
(5) G+q=0 q(0) =1 q(0)=0
(6) 0+20+0=t 8(0) =0 6(0) =0
(7) d+3p+p=e $(0) =2 $(0) =0
(8) U 4 49) + 1 = cos 2t ¥(0) =0 $(0)=0



Question 1

Q1) iti+a=0
(IC.1a) 2(0) =1
(IC.1b) #(0) =0

Particular Integral

(Pll) .%'p](t)
- i‘p[(t)
- jp[(t)

0
0
0

Equation (Q.1) is homogeneous so there is no particulagiate
Complementary Function

(Aux.1) M+A+1=0

—1+v1Z—-4x1x1
5\ x 1 x

2x1
1 3
(Roots.1) =-3 ij%

A complex pair of roots X = « + j3), so the complementary function is of the form
rop(t) = e (Acos Bt + Bsin 3t)

(CF.1) = e 3t <Acos ?t—i—Bsin ?t)

General solution

The general solution is given by the sum of the complemeriitangtion and the particular integral.
,T(t) = l‘CF(t) + .%'p](t)

(GS.1) =3t <Acos ?t—i—Bsin ?t)

The constantsl and B are found by applying the initial conditions. First diffet@ate (GS.1) using the product
rule to geti(t)

(GS'.1) z(t) = —le_%t <Acosﬁt+351n£>
2 2 2
+e” < A£ £t—l—Bic s£t>
2 2 2
Thenset = 0in (GS.1) and (GS'.1) and equate to (IC.1a) and (IC.1b) rethgy
z(0)=A =1
#(0) = —~ A+ ? —0



Solving the simultaneous equations gives- 1 andB =

Sl

(FGS.1) a(t) = e 2! (cos ?t + % sin ?t)
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Damping coefficient and frequency

The Auxiliary Equation (Aux.1) had a complex pair of roots,the system is under-damped and will oscillate.
The coefficients can be equated to the damping ratind frequency in the standard form

2+ 2wi + wlz =0

Hence2¢w = 1 andw? = 1, so the frequency of oscillation is = 1[rad/s| and the damping ratio i& = %

Amplitude of oscillation

The amplitude and phase lag are found by converting the @e8elution into the form

x(t) = Me™ cos(Bt + @)

2
M=+A?2+B?2= —
V3

¢p= arctang = g[rad]

So the amplitude as a function of time is

(Mag.1) Me*t = %ef

t

=



1 Question 2

(Q.2) y+2y+y=0
(IC.2b) §(0) = 0

1.1 Particular Integral

As in Q.1, the equation is homogeneous so the Particulagialtés zero

(P1.2) ypi(t) = ypi(t) = jpi(t) =0
1.2 Complementary Function

(Aux.2) M4H22+1=0

(Roots.2) A=-1

A repeated real root, so the complementary function is ofdhm
yor(t) = (A + Bt)eM

(CF.2) = (A+ Bt)e™"

General Solution

The general solutiog(t) is the sum ofyc(¢) andyp;(t)

(GS.2) y(t) = (A+ Bt)e ™"

The constantsl and B are found by applying the initial conditions. First diffet@ate (GS.2) using the product
rule to gety(t)

(GS'.2) y(t) = (B —A— Bt)e™*
Then set = 0in (GS.2) and (GS’.2) and equate to (IC.2a) and (I1C.2b) retbpedy

y(0) =4 =
5(0)=B — A =0

Solving the simultaneous equations gives- B = 1

(FGS.2) y(t) = (1 +t)e"
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Damping ratio

The Auxiliary Equation (Aux.2) had one repeated real roathsosystem is critically damped & 1) and will not
oscillate.



Question 3

(Q.3) 54+3i4+2=0
(IC.3a) 2(0) =1
(IC.3b) £(0) =0

Particular Integral

Asin Q.1 and Q.2, the equation is homogeneous so the Particuégral is zero

(P1.3) zpr =zipr =zZp1 =0

Complementary Function

(Aux.3) M43 +1=0
(Roots.3) A= %\/5

Two real roots, so the complementary function is of the form

zop(t) = AeM?t + Beret

(CF.3) P e

General Solution

The general solution(t) is the sum of the Complementary Function and Particulaghale

Z(t) = Zcp(t) —+ Zp](t)

(GSS) _ Aeiaéﬁt +B€735\/§t

The constantgl and B are found by applying the initial conditions. First diffeteate (GS.3) to get(t)

—-3—5
——t

_ —3;\/5A673;@+ —3;\/5

Then set = 0 and equate (GS.3) and (GS'.3) to the initial conditions3&}.and (IC.3b) respectively

(GS'.3) A(t) Be

z(0)=A+B =1
sy BV, 3-Vhp _0
2 2
Solving the simultaneous equations gives- 1 + 2\3/5 andB = § — 2\3/5
1 3 —3+5 1 3 —3-V5
FGS.3 t)=(z+—= TH-(———) —=z !
(FGS.3) 0= (5+50) ¢ )



Damping ratio

The Auxiliary Equation (Aux.3) has two real roots so the sysis over damped; (> 1) and will not oscillate.
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Question 4

(Q.4) p+p=0
(IC.4b) p(0)=0

Equation (Q.4) is #irst orderequation. The solution is simppy(t) = Ae~*. But note that the initial conditions
are_inconsistenfThere is no value ofl that satisfies both (IC.4a) and (IC.4b) simultaneously.  firder system
has only one degree of freedom so cannot satisfy two arpitnéral conditions.
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Q4 (A=1, satisfies IC.4a)
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Question 5

(Q.5) G+q=0
(IC.5b) q(0)=0

Particular Integral

The equation is homogeneous so the Particular Integratis ze

(P1.5) qpi(t) = qpi(t) = Gprr(t) =0
Complementary Function

(Aux.5) AMN4+1=0
(Roots.5) A=4j

A complex pair of roots (with zero real parts) so the the cammntary function is of the form

qcr(t) = e (Acos Bt + Bsin t)
(CF.5) = Acost + Bsint

General Solution

q(t) = qcr(t) + qpr(t)
(GS.5) = Acost + Bsint
Find A and B by differentiating (GS.5) to gef(t) and applying initial conditions (IC.5a) and (1C.5b)

(GS'.5) 4(t) = —Asint + Bcost

(FGS.5) q(t) = cost
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Damping Ratio and amplitude of oscillation

There is no damping term in (Q.5) which leads to the complax gfaroots with no real part. The system is
undampedd = 0) and will oscillate indefinitely with unity amplitude.
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Question 6

(Q.6) 6+20+0=t
(IC6.a) 0(0) =0
(IC.6b) 6(0) =0

Particular Integral

Op1(t) = Ct + D
— ép[(t) =C

— ép[(t) =0

The coefficients” and D are found by substituting the Particular Integral and itevd¢ives into the original
equation (Q.6) and equating coefficients

I1x(0)+2x(C)+1x(Ct+D)=t

204+ D=0
th.C=1
SoC =1andD = -2, giving the particular integral

(P1.6) Opr(t) =t—2
Complementary Function

(Aux.6) MN4Ho2Xx+1=0

(Roots.6) A=-1
A repeated real root, so the complementary function is ofdhma

(CF.6) Ocr(t) = (A+ Bt)e ™
General Solution

0(t) = 0cr(t) + 0ps(t)
(GS.6) =(A+ Bt)e "+ (t - 2)

Find A and B by applying initial conditions

(GS'.6) 6(t) = (B— A—Bt)e t +1
6(0) =A—2 =0
0(0)=B—-A+1 =0

SoA=2andB =1

(FGS.6) 0(t) = (2+t)e "+ (t —2)
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Damping ratio and amplitude of oscillation

The Auxiliary Equation (Aux.6) has two real roots so the sysis over damped; (> 1) and will not oscillate.
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Question 7

Q7) $+3p+¢=e
(IC.7a) $(0) =2
(IC.7b) $(0) =0

Particular Integral

¢pr =Ce ™
— ép] = —306_3t

- g.f;p] =9Ce™

Find C by substituting each term into equation (Q.7) and equatigdficients

(9) 1x (9Ce ™) +3 x (=3Ce ) + 1 x (Ce™) =¥
SoC =1
(PL.7) op1(t) = e ™

Complementary Function

(Aux.7) M43 +1=0
(Roots.7) A= %\/5

Two real roots, so the complementary function is of the form

~3+V5 ~3-/5
2 t 2 t

(CR.7) ¢cr(t) = Ae

1.3 General Solution

o(t) = por(t) + dpr(t)

(GS.7) = Ae = + Be =15 +e 3

Find A and B by applying the initial conditions

_ —3+\/5A6—3;ﬁt+ -3 - \/gBe—agﬁt B

’ ] -3

(GS.7) o(t) 5 5 3e~ 3
$p(0)=A+B+1 =2
<¢s(o)=_3;*/5A+_3;*/53—3 =0

Solving the simultaneous equations gives- {5—\/%9 andB = Vf\/}f’ so the Full General Solution is

VE+9 ~31V5, V5 -9 —3-5, _3t
= e 2 e 2 + e
2v/5 2v/5

(FGS.7) o(t)
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Damping ratio and amplitude of oscillation

The Auxiliary Equation (Aux.7) has two real roots so the sysis over damped; (> 1) and will not oscillate.
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Question 8

(Q.8) Y+ 41) + 1 = cos 2t
(IC.8a) $(0) =0
(1C.8b) ¢(0) =0

Particular Integral

Ypr(t) = Ccos2t + Dsin2t
= ’lZJP](t) = —2C'sin 2t + 2D cos 2t
= pr(t) = —4C cos 2t — 4Dsin 2t

Find C' and D by substitutingyp;(t) and its derivatives into equation (Q.8) and equating cdeffts ofcos 2t
andsin 2¢

(10) 1 x (—4Ccos2t —4Dsin2t) + 4 x (—2Csin2t + 2D cos2t) + 1 x (C cos 2t + D sin2t) = cos 2t

cos2t: —4C+8D+C =1
sin2t:—4D —-8C+D =0

Solving the simultaneous equations givés= =2 andD = £

(P1.8) Ypr(t) = —% cos 2t + % sin 2t

Complementary Function
(Aux.8) M 44r+1=0
(Roots.8) A=—-2+3

There are two real roots to the Auxiliary Equation (Aux.8)lse Complementary Function is of the form

(CF.8) Yor(t) = Ae"2HVIE | Be(-2-V3)
General Solution

Y(t) = Yor(t) +Ppr(t)
(GS.8) = Ae2VAE 4 Be(—2- VA _ % cos 2t + % sin 2t

CoefficientsA and B are found by applying the initial conditions to the Genemllfion and its derivative

(GS':8) V() = (=24 V3)Ae "2Vt L (2 — \/3)Be(-2- V) 4 % sin 2t + % cos 2t
W(O0)= A+ B— > ~0
- = -
. 16
¢(O):(—2+\/§)A+(—2—\/§)B+ﬁ =0
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i i ; ; 3v/3-10 _ 3/3+10
Solving the simultaneous equations gives- YTV andB = EVVER

_ 3310 (ayvmy  3VB+10

_ e(fzfﬁ)t — i cos 2t + ﬁ sin 2t
146/3

(FGS®) V() 146/3 73 73
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Damping ratio and amplitude of oscillation

The Auxiliary Equation (Aux.8) has two real roots so the sysis over damped (> 1) and will not oscillate as
a result of its free dynamics. However, the forcing funci®oscillatory ¢os 2t) so the system will oscillate with

a frequency of 2 [rad/s] (peridl = 27” = = [s]). The amplitude of this forced osciIIationi#7—332 + %2.
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