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Questions

For each of the systems below, find

• the complementary function

• the particular integral

• the full general solution

and sketch the response. Also find the damping ratio and, if the system is under-damped (ζ < 1), the frequency
and amplitude of oscillation.

ẍ+ ẋ+ x = 0 x(0) = 1 ẋ(0) = 0(1)

ÿ + 2ẏ + y = 0 y(0) = 1 ẏ(0) = 0(2)

z̈ + 3ż + z = 0 z(0) = 1 ż(0) = 0(3)

ṗ+ p = 0 p(0) = 1 ṗ(0) = 0(4)

q̈ + q = 0 q(0) = 1 q̇(0) = 0(5)

θ̈ + 2θ̇ + θ = t θ(0) = 0 θ̇(0) = 0(6)

φ̈+ 3φ̇+ φ = e−3t φ(0) = 2 φ̇(0) = 0(7)

ψ̈ + 4ψ̇ + ψ = cos 2t ψ(0) = 0 ψ̇(0) = 0(8)
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Question 1

(Q.1) ẍ+ ẋ+ x = 0

x(0) = 1(IC.1a)

ẋ(0) = 0(IC.1b)

Particular Integral

xPI(t) = 0(PI.1)

=⇒ ẋPI(t) = 0

=⇒ ẍPI(t) = 0

Equation (Q.1) is homogeneous so there is no particular integral.

Complementary Function

(Aux.1) λ2 + λ+ 1 = 0

λ =
−1 ±

√
12 − 4 × 1 × 1

2 × 1

= −
1

2
± j

√
3

2
(Roots.1)

A complex pair of roots (λ = α± jβ), so the complementary function is of the form

xCF (t) = eαt (A cosβt+B sinβt)

= e−
1
2
t

(

A cos

√
3

2
t+B sin

√
3

2
t

)

(CF.1)

General solution

The general solution is given by the sum of the complementaryfunction and the particular integral.

x(t) = xCF (t) + xPI(t)

= e−
1
2

t

(

A cos

√
3

2
t+B sin

√
3

2
t

)

(GS.1)

The constantsA andB are found by applying the initial conditions. First differentiate (GS.1) using the product
rule to getẋ(t)

ẋ(t) = −
1

2
e−

1
2
t

(

A cos

√
3

2
t+B sin

√
3

2

)

(GS’.1)

+ e−
1
2
t

(

−A
√

3

2
sin

√
3

2
t+B

√
3

2
cos

√
3

2
t

)

Then sett = 0 in (GS.1) and (GS’.1) and equate to (IC.1a) and (IC.1b) respectively

x(0) = A = 1

ẋ(0) = −
1

2
A+

√
3

2
B = 0
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Solving the simultaneous equations givesA = 1 andB = 1
√

3
.

(FGS.1) x(t) = e−
1
2
t

(

cos

√
3

2
t+

1√
3

sin

√
3

2
t

)
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Damping coefficient and frequency

The Auxiliary Equation (Aux.1) had a complex pair of roots, so the system is under-damped and will oscillate.
The coefficients can be equated to the damping ratioζ and frequencyω in the standard form

ẍ2 + 2ζωẋ+ ω2x = 0

Hence2ζω = 1 andω2 = 1, so the frequency of oscillation isω = 1[rad/s] and the damping ratio isζ = 1
2 .

Amplitude of oscillation

The amplitude and phase lag are found by converting the General Solution into the form

x(t) = Meαt cos(βt+ φ)

M =
√

A2 +B2 =
2√
3

φ = arctan
A

B
=
π

3
[rad]

So the amplitude as a function of time is

(Mag.1) Meαt =
2√
3
e−

1
2
t
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1 Question 2

(Q.2) ÿ + 2ẏ + y = 0

y(0) = 1(IC.2a)

ẏ(0) = 0(IC.2b)

1.1 Particular Integral

As in Q.1, the equation is homogeneous so the Particular Integral is zero

(PI.2) yPI(t) = ẏPI(t) = ÿPI(t) = 0

1.2 Complementary Function

(Aux.2) λ2 + 2λ+ 1 = 0

(Roots.2) λ = −1

A repeated real root, so the complementary function is of theform

yCF (t) = (A+Bt)eλt

= (A+Bt)e−t(CF.2)

General Solution

The general solutiony(t) is the sum ofyCF (t) andyPI(t)

(GS.2) y(t) = (A+Bt)e−t

The constantsA andB are found by applying the initial conditions. First differentiate (GS.2) using the product
rule to getẏ(t)

(GS’.2) ẏ(t) = (B −A− Bt)e−t

Then sett = 0 in (GS.2) and (GS’.2) and equate to (IC.2a) and (IC.2b) respectively

y(0) = A = 1

ẏ(0) = B −A = 0

Solving the simultaneous equations givesA = B = 1

(FGS.2) y(t) = (1 + t)e−t

4



 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  2  4  6  8  10

Q2

Damping ratio

The Auxiliary Equation (Aux.2) had one repeated real root sothe system is critically damped (ζ = 1) and will not
oscillate.
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Question 3

(Q.3) z̈ + 3ż + z = 0

z(0) = 1(IC.3a)

ż(0) = 0(IC.3b)

Particular Integral

As in Q.1 and Q.2, the equation is homogeneous so the Particular Integral is zero

(PI.3) zPI = żPI = z̈PI = 0

Complementary Function

(Aux.3) λ2 + 3λ+ 1 = 0

(Roots.3) λ =
−3 ±

√
5

2

Two real roots, so the complementary function is of the form

zCF (t) = Aeλ1t +Beλ2t

= Ae
−3+

√

5

2
t +Be

−3−
√

5

2
t(CF.3)

General Solution

The general solutionz(t) is the sum of the Complementary Function and Particular Integral

z(t) = zCF (t) + zPI(t)

= Ae
−3+

√

5

2
t +Be

−3−
√

5

2
t(GS.3)

The constantsA andB are found by applying the initial conditions. First differentiate (GS.3) to geṫz(t)

(GS’.3) ż(t) =
−3 +

√
5

2
Ae

−3+
√

5

2
t +

−3 −
√

5

2
Be

−3−
√

5

2
t

Then sett = 0 and equate (GS.3) and (GS’.3) to the initial conditions (IC.3a) and (IC.3b) respectively

z(0) = A+B = 1

ż(0) =
−3 +

√
5

2
A+

−3 −
√

5

2
B = 0

Solving the simultaneous equations givesA = 1
2 + 3

2
√

5
andB = 1

2 − 3
2
√

5

(FGS.3) z(t) =

(

1

2
+

3

2
√

5

)

e
−3+

√

5

2
t +

(

1

2
−

3

2
√

5

)

e
−3−

√

5

2
t
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Damping ratio

The Auxiliary Equation (Aux.3) has two real roots so the system is over damped (ζ > 1) and will not oscillate.
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Question 4

(Q.4) ṗ+ p = 0

p(0) = 1(IC.4a)

ṗ(0) = 0(IC.4b)

Equation (Q.4) is afirst orderequation. The solution is simplyp(t) = Ae−t. But note that the initial conditions
are inconsistent. There is no value ofA that satisfies both (IC.4a) and (IC.4b) simultaneously. A first order system
has only one degree of freedom so cannot satisfy two arbitrary initial conditions.
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Question 5

(Q.5) q̈ + q = 0

q(0) = 1(IC.5a)

q̇(0) = 0(IC.5b)

Particular Integral

The equation is homogeneous so the Particular Integral is zero

(PI.5) qPI(t) = q̇PI(t) = q̈PI(t) = 0

Complementary Function

(Aux.5) λ2 + 1 = 0

(Roots.5) λ = ±j

A complex pair of roots (with zero real parts) so the the complementary function is of the form

qCF (t) = eαt(A cos βt+B sinβt)

= A cos t+B sin t(CF.5)

General Solution

q(t) = qCF (t) + qPI(t)

= A cos t+B sin t(GS.5)

FindA andB by differentiating (GS.5) to geṫq(t) and applying initial conditions (IC.5a) and (IC.5b)

(GS’.5) q̇(t) = −A sin t+B cos t

q(0) = A = 1

q̇(0) = B = 0

(FGS.5) q(t) = cos t
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Damping Ratio and amplitude of oscillation

There is no damping term in (Q.5) which leads to the complex pair of roots with no real part. The system is
undamped (ζ = 0) and will oscillate indefinitely with unity amplitude.
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Question 6

(Q.6) θ̈ + 2θ̇ + θ = t

θ(0) = 0(IC6.a)

θ̇(0) = 0(IC.6b)

Particular Integral

θPI(t) = Ct+D

=⇒ θ̇PI(t) = C

=⇒ θ̈PI(t) = 0

The coefficientsC andD are found by substituting the Particular Integral and its derivatives into the original
equation (Q.6) and equating coefficients

1 × (0) + 2 × (C) + 1 × (Ct+D) = t

t0 :2C +D = 0

t1 :C = 1

SoC = 1 andD = −2, giving the particular integral

(PI.6) θPI(t) = t− 2

Complementary Function

(Aux.6) λ2 + 2λ+ 1 = 0

(Roots.6) λ = −1

A repeated real root, so the complementary function is of theform

(CF.6) θCF (t) = (A+Bt)e−t

General Solution

θ(t) = θCF (t) + θPI(t)

= (A+Bt)e−t + (t− 2)(GS.6)

FindA andB by applying initial conditions

(GS’.6) θ̇(t) = (B −A−Bt)e−t + 1

θ(0) = A− 2 = 0

θ̇(0) = B −A+ 1 = 0

SoA = 2 andB = 1

(FGS.6) θ(t) = (2 + t)e−t + (t− 2)
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Damping ratio and amplitude of oscillation

The Auxiliary Equation (Aux.6) has two real roots so the system is over damped (ζ > 1) and will not oscillate.
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Question 7

(Q.7) φ̈+ 3φ̇+ φ = e−3t

φ(0) = 2(IC.7a)

φ̇(0) = 0(IC.7b)

Particular Integral

φPI = Ce−3t

=⇒ φ̇PI = −3Ce−3t

=⇒ φ̈PI = 9Ce−3t

FindC by substituting each term into equation (Q.7) and equating coefficients

(9) 1 × (9Ce−3t) + 3 × (−3Ce−3t) + 1 × (Ce−3t) = e−3t

SoC = 1

(PI.7) φPI(t) = e−3t

Complementary Function

(Aux.7) λ2 + 3λ+ 1 = 0

(Roots.7) λ =
−3 ±

√
5

2

Two real roots, so the complementary function is of the form

(CF.7) φCF (t) = Ae
−3+

√

5

2
t +Be

−3−
√

5

2
t

1.3 General Solution

φ(t) = φCF (t) + φPI(t)

= Ae
−3+

√

5

2
t +Be

−3−
√

5

2
t + e−3t(GS.7)

FindA andB by applying the initial conditions

(GS’.7) φ̇(t) =
−3 +

√
5

2
Ae

−3+
√

5

2
t +

−3 −
√

5

2
Be

−3−
√

5

2
t − 3e−3t

φ(0) = A+B + 1 = 2

φ̇(0) =
−3 +

√
5

2
A+

−3 −
√

5

2
B − 3 = 0

Solving the simultaneous equations givesA =
√

5+9
2
√

5
andB =

√

5−9
2
√

5
so the Full General Solution is

(FGS.7) φ(t) =

√
5 + 9

2
√

5
e

−3+
√

5

2
t +

√
5 − 9

2
√

5
e

−3−
√

5

2
t + e−3t
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Damping ratio and amplitude of oscillation

The Auxiliary Equation (Aux.7) has two real roots so the system is over damped (ζ > 1) and will not oscillate.
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Question 8

(Q.8) ψ̈ + 4ψ̇ + ψ = cos 2t

ψ(0) = 0(IC.8a)

ψ̇(0) = 0(IC.8b)

Particular Integral

ψPI(t) = C cos 2t+D sin 2t

=⇒ ψ̇PI(t) = −2C sin 2t+ 2D cos 2t

=⇒ ψ̈PI(t) = −4C cos 2t− 4D sin 2t

FindC andD by substitutingψPI(t) and its derivatives into equation (Q.8) and equating coefficients ofcos 2t
andsin 2t

(10) 1 × (−4C cos 2t− 4D sin 2t) + 4 × (−2C sin 2t+ 2D cos 2t) + 1 × (C cos 2t+D sin 2t) = cos 2t

cos 2t : − 4C + 8D + C = 1

sin 2t : − 4D − 8C +D = 0

Solving the simultaneous equations givesC = −3
73 andD = 8

73

(PI.8) ψPI(t) = −
3

73
cos 2t+

8

73
sin 2t

Complementary Function

(Aux.8) λ2 + 4λ+ 1 = 0

(Roots.8) λ = −2 ±
√

3

There are two real roots to the Auxiliary Equation (Aux.8) sothe Complementary Function is of the form

(CF.8) ψCF (t) = Ae(−2+
√

3)t +Be(−2−
√

3)t

General Solution

ψ(t) = ψCF (t) + ψPI(t)

= Ae(−2+
√

3)t +Be(−2−
√

3)t −
3

73
cos 2t+

8

73
sin 2t(GS.8)

CoefficientsA andB are found by applying the initial conditions to the General Solution and its derivative

(GS’:8) ψ̇(t) = (−2 +
√

3)Ae(−2+
√

3)t + (−2 −
√

3)Be(−2−
√

3)t +
6

73
sin 2t+

16

73
cos 2t

ψ(0) = A+B −
3

73
= 0

ψ̇(0) = (−2 +
√

3)A+ (−2 −
√

3)B +
16

73
= 0

15



Solving the simultaneous equations givesA = 3
√

3−10
146

√

3
andB = 3

√

3+10
146

√

3

(FGS:8) ψ(t) =
3
√

3 − 10

146
√

3
e(−2+

√

3)t +
3
√

3 + 10

146
√

3
e(−2−

√

3)t −
3

73
cos 2t+

8

73
sin 2t
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Damping ratio and amplitude of oscillation

The Auxiliary Equation (Aux.8) has two real roots so the system is over damped (ζ > 1) and will not oscillate as
a result of its free dynamics. However, the forcing functionis oscillatory (cos 2t) so the system will oscillate with

a frequency of 2 [rad/s] (periodT = 2π

2 = π [s]). The amplitude of this forced oscillation is
√

3
73

2
+ 8

73

2
.
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