mass-spring-damper: example 1 (over-damped)

Mass-spring-damper Parameters

m = 1Kkg
b=4Ns/m
k =3 N/m
(@) ~
Forcing function
<
3 f(t) =mgN
= Initial conditions
- z(0) =0m
¥+ 44 + 3z = mg #(0) = 0 m/s
Auxiliary Equation:
AN +4X+3=0
_ 2 _
. 4+ +/4 4><1><3:_2il
2 x 1

Complementary Function:

Tep(t) = Ae™" 4+ Be
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mass-spring-damper: example 1 (over-damped)

Particular Integral:

ZEpi(t) =C — L.sz'(t) =0 andipi(t) =0

Substituter,,; (¢) etc. into the differential equation

I1x0+4x04+3xC=1xg — C=yg/3

General Solution

T(t) = xer(t) +xpi(t) = Ae t + Be 3t + g/3

Apply initial conditions

(1)
(0)

—Ae t —3Be 3t
0=—-A—-3B — A= -3B

r(0)=0=A+B+g/3
=0=-2B+g/3 — B=g/6

x(t) = —ge_t + %6_3t + %
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Mass-spring damper example 1 graphical solution

3.5 T T T T T T T T T

displacement: x [m]

0 0.5 1 1.5 2 25 3 35 4 4.5 5
time: t [s]
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mass-spring-damper: example 2 (critically-damped)

Mass-spring-damper Parameters
m = 1Kkg
b=4Ns/m
k =4 N/m

Forcing function

dl 3 f(t) =mgN

—~ Initial conditions
z(0)=0m

¥+ 43 + 4z = mg 2(0) = 0m/s

Auxiliary Equation:

AN+ 4X+4=0

—4+/42 —4x1x4
2x1

Complementary Function:

Tep(t) = Ae " + Bte
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mass-spring-damper: example 2 (critically-damped)

Particular Integral:

Ipi(t) =C — pri(t) =0 andipi(t) =0

Substituter,,; (¢) etc. into the differential equation

I1x0+4x04+44xC=1xg — (' =g/4

General Solution

T(t) = 2ep(t) + 2pi(t) = Ae ' + Bte ' + g/4

Apply initial conditions

r(0)=0=A+g/4 — A= —g/4

i(t) = —24e % + Be ?' — 2Bte™ %!

#(0)=0=—24+ B — B =24
_ 9 2 9, -2t 9
z(t) = k 2te +4
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Mass-spring damper example 2 graphical solution

3.5 T T T T T T T T T

25F

151

displacement: x [m]

0.5

0 | | | | | | | | |
0 0.5 1 1.5 2 25 3 35 4 4.5 5
time: t [s]
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mass-spring-damper: example 3 (under-damped)

Mass-spring-damper Parameters

m = 1Kkg
b=4Ns/m
k =5 N/m
(@) ~
Forcing function
<
3 f(t) =mgN
= Initial conditions
- z(0) =0m
¥ + 44 + bz = mg #(0) = 0 m/s
Auxiliary Equation:
A+ 4N +5=0
—44++/42 —4x1x5
— A\ = = -2+
2% 1 J

Complementary Function:

Tor(t) = e *(Asint + Bcost)
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mass-spring-damper: example 3 (under-damped)

Particular Integral:

QCpi(t) =C — ZI.Z‘p,,;(t) =0 andjipi(t) =0

Substituter,,; (¢) etc. into the differential equation

I1x04+4x04+5xC=1xg — (C'=g/5

General Solution

T(t) = 2ep(t) + 2pi(t) = e **(Asint + Bcost) + g/5
Apply initial conditions

r(0)=0=B+g/5 — B=—-g/5

©(t) = —2e *(Asint + Bcost)
+ e *(Acost — Bsint)
#2(0)=0=-2B+A — A=2B

2
r(t) =e <_€g sint — %cost) + %
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Mass-spring damper example 3 graphical solution

2
r(t) =e % (_Fg sint — %cost) + g

35 T T T T T T T T

25F : . -

displacement: x [m]

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
time: t [s]
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Quick test: Particular Integrals

Write the form of Particular Integral to solve

a + bt + cx = f(1)

where
fit)y="7t+1
flt) = £
f(t) =mg
f(t) = —3cos(2t)
F(t) = ~2¢~
f(t) = —9t% + 4"t — ¢t
Answers:
Tpi = Ct+ D
T pi —Ct? + Dt+ E
Tp; = C

z,; = C'sin(2t) + D cos(2t)
T, = Ce

Ty = Ct* + Dt + E + Fe > + Ge'
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274 order Complementary function

An undamped, ideal pendulum released from rest
ml20 = —mgl sin 6

sinf~60 V0 <<1

é+%9=0

Initial conditions:
mg 0(0) = 0 rad

0(0) = 0 rad/s
Auxiliary Equation:
N 4g/l=0

Complementary Function:

O.r(t) = e (A sin (ﬁt) + B cos (ﬂt))

Particular Integral is zero, hence General Solution:
0(t) = 0 cos (wnt)

wherew,, = 1/g/I
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Sketching the Pendulum’s Response

NN

e The curve starts g0, 0)

e The pendulum oscillates, with amplitudg,
about the equilibrium poirt = 0 and the
amplitude does not decay or grow with time

e The period of the oscillation is
T =27 /wys =2m\/l/gs
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24 order Complementary function

Change the initial conditions so that the pendulum
does not start from rest

f+w2h=0
0(0) = 6, andd(0) = 6,
Complementary Function:
O.r(t) = (Asin (wnt) + B cos (wnt))
Recall the trigonometric identity
sin asin B + cos accos B = cos(a — 3)

Let

A , B
= sin ¢ and
VA% + B2 Vv A? + B2

Then the Complementary Function is

= COS ¢

Ocr(t) = M cos (wnt — @)

whereM = /A% + B% and¢ = arctan(A/B).
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Sketching the Pendulum’s Response

The pendulum is unforced so the Particular Integral
IS zero. Substituting in the initial conditions, the
General Solution is

0
() = — sin(wnt) + Oy cos(wnt)
Wn

= M cos(wn,t — @)

. 2 .
whereM = \/(9—0) + 03 and¢ = arctan 909/&
Wn 0

- - e S e S S S S S S S S | S | e Ee Ee Ew
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24 order Complementary function

Suppose that friction is added to the system
0+ pb 4+ w260 = 0
Auxiliary equation

_ —pEVpE el
N 2

A

If u < 2w, then

42_ 2
VAT

2 2
Define a Damping Ratio

(- I

2Wy,

The solution to the Auxiliary Equation is then
A= —(w, jwnm
And the Complementary Function is
O(t) = e S“rt(Asinwt + B cos wt)

= Me 9t cos(wt — @)

wherew = w, /1 — (?
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Damping ratioC

0 + 2(wnl + w20 =0

If ¢ > 1 the system i®ver-damped

Oc.r(t) = AeMt + Beet

If ¢ = 1 the system igritically-damped
Ocr(t) = (A4 Bt)e

if 0 < ¢ < 1 the system isinder-damped

Ocr(t) = Me 5t cos(wt — ¢)

if ¢ = 0 the system isindamped
Ocr(t) = M cos(wt — ¢)

where
w=wpy1—C?
A
— arctan —
) arcanB

M = /A2 + B2
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Sketching the Pendulum’s Response

For a free (i.e. unforced) under-damped pendulum
the General Solution is

O(t) = Me=6wnt cos(wt — ¢)
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Resonance

Consider an undamped oscillating system with a
sinusoidal input function

&4 wie = Usin Qt
The Complementary Function is

Ter(t) = % (Asin(wnt) + B cos(wnt))
= M cos(wnt — @)

whereM = /A2 + B? and¢ = arctan %.
For the Particular Integral, try
Tpi(t) = C'sin(2t) + D cos(2t)
—> &y, = CQcos(NQt) — DQsin(21)
i = —CO*sin(Qt) — DQ? cos(Qt)

Substitute the Pl into the ODE and equate like terms

sin(€2t) : Clw2—-0*)=U
cos({2t) : D(w? — Q%) =0
U

2 _ ()2
wz — ()

— D =0andC =
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Resonance

The General Solution

U sin(€2t)

x(t) = M cos(wnt — @) + 02— P

indicates that the response will be a combination of
two oscillations. However, as the driving
frequency(? approaches the system natural
frequencyw,,, the amplitude of the second term will
Increase. Whef2 = w,,, the displacement is

Infinite.

Try a different Particular Integral

t (C'sin(Qt) + D cos(€2t))
= (C' —tDQ)sin(Qt) + (D + tCQ) cos(2t)
—2DQ — tC0?) sin(Qt) + (209 — tDO?) cos(Qt)

.CCpZ'
lepz'
ZIZ‘p,,;

(
(

Substituting into the ODE and equating like terms

sin(€2t) : —2DQ 4+ tC(w
cos(§2t) : +2CQ + tD(w

-Q%) =U
- Q%) =0

SN 3N
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Resonance

Now, if Q = w,, then(w? — Q?) = 0, hence

sin(wpt) : —2Dw, =U
cos(wpt) : +2Cw, =0
— (' =0andD = v
2Wy,

Thus the General Solution is

(1) = M cos(wnt — ¢) — %tsin(wnt)

and the amplitude of the oscillation increases
proportionally with time.

If damping is added to the system
i+ ik + wix = Usin(Qt)

then there is no singularity problem with the
Particular Integral. Substituting

z,; = C'sin(€2t) + D cos(€2t) and its derivatives
into the ODE, gives

2 _ 02 _
U(ws — Q) and D — U uf2

T - oy (@2 =) + (W)
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Resonance

Let Nsiny = C/U andN cosy = D/U. It
follows that the magnitude of the forced oscillation
term is

UN:\/02+D2:U\/ !

St
|
-,

(\V)
e
s
=
=

(\V)

(w
and its associated phase lag is

C w2 — Q2
v = arctan D — arctan

The General Solution is then

r(t) = Me “ cos(wt — ¢) + UN cos(Qt — )

As in the undamped case, maximum transfer of
energy occurs if the forcing frequency is equal to
the natural frequency, but the presence of damping
prevents infinite oscillations.
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Resonance

Bode Diagram:

i+ ik + w2 = sin(Qt)

1
(w2 — )% + (jQ)?

uw=0.3w, =1

2" order frequency response: W, = 1p=0.3
10" ¢ ; T

Magnitude ratio N []

10_ - N N N N N N M| . N N N N N N L
10 10 10
Input frequency Q [rad/s]
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Resonance

Bode Diagram:
i 4 pd + w? = sin(Qt)

w2 — 0?2
— 1)
w=0.3w, =1

v = arctan

2" order frequency response: W = 1u=0.3
0 : —————

-20+

_60 -

-100 -

Phase lag y [deg]

-120-

-140

-160 -

-180 ! ! ! ! ! ! M|
-1

10 10° 10
Input frequency Q [rad/s]
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Resonance

Tacoma Narrows Bridge film:
http://www.archive.org/details/Pa2096Tacoma

http://en.wikipedia.org/wiki/lmage:TaconidarrowsBridge Falling.png
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Higher Order Linear Homogeneous ODEs

To solve a linear homogeneous differential

equation, i.e.
d™x n N d?x N dx N f(t)
Ap——+ "+ 02— +a1— + aoxr =
dtn ‘a2 e T

Form the Auxiliary (Characteristic) Equation
an A" + - 4 asA* + a1\ + ag =0

Find values of\ by solving the Auxiliary equation
and hence form the Complementary Function

1% order:
Ter(t) = et
2nd order
(AeAlt -+ B€>\2t . ()\1 7é )\2)
Tep(t) = (At + B)eM (A1 = Ag)
e (Asin(Bt) + Beos(ft)) :A=a+jf

For higher orders, factorise down & and2»d
order terms and then sum the resulting expressions.
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Higher Order Linear Homogeneous ODEs

Choose a form of Particular Integral that is similar
to the RHS and its derivatives. Differentiaidimes
with respect ta and substitute the expressions into
the original equation

dn.ilfpi dQZCpi dlll‘pi
Qn, Jin + -4 ag 712 +a1—dt

+apxp; = f(t)

Then equate coefficients on the LHS and RHS to
completely specify the Particular Integral.

Add the Complementary Function to the Particular
Integral to form the General Solution.

2(t) = ep(t) + 2pi(t)

Use the boundary conditions to determine the
remaining coefficients from the Complementary
Function.

=

=
I
8

cf(0) + i (0) = zg
tef (0) + i (0) = @o
&C.

=

=
[
8
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