Applicable Maths 1A : Matrices 2009/10

Dr Geraint Bevan
g.bevan@eng.gla.ac.uk

April 15, 2010

assessment: 2 exam questions (out of 10)

tuition: < 10 lectures + tutorials

“What advice would you give to someone taking the course next year?”

What last year’s students said:
e “Matrices were interesting” (x4)
e “Keep on top of work from the start”
e “Goto lectures”
e “Always listen to the lecturer even if you miss note-taking”
e “Advise new students to keep notes organised”
e “Re-read notes every evening”
e “Go to tutorials even if you did Advanced Higher Maths”

e “100% test 2 hour class good” (x2)

NB These are new notes. There will be errors. Please check smlysréhat you are unsure of.



Notation Applicable Maths 1A 2009/10

What is a matrix?

Some definitions

e Dimensions: Anm x n matrix hasm rows andn columns.

1 2 3 . )
A_(4 5 6) IS a2 x 3 matrix

e a;; is the element in th&”" row and;*" column of matrixA
A= (G G2 iz e.g.as, = 5 (using A above)
Q21 Q22 Q23

e A row vectorhas a single rowp = 1)

R=(rn m2 r3) is a row vector

e A column vectohas a single columm(= 1)
T .
C=lcy | = (CH Co1 031> is a column vector

(The superscript is thetransposeoperator)

A squarematrix has the same number of rows and colummns=n)

S11 S12 S13
S =521 S22 Sa3 is a square matrix

831 832 833

Thetraceof a square matrixt¢(A)) is the sum of the elements in the leading diagonal

S11 S12 S13 m
S =521 S22 S |; tr(S) = E Sii = S11 1 S22 + S33
S31 S32 833 i=1

A lower triangularmatrix is zero above the leading diagonal

Iy 0 0
L=11lyn laa O is lower triangular
131 l32 133

An upper triangularmatrix is zero below the leading diagonal

Uir Uiz U3
U=1 0 wue uss IS upper triangular
0 0 Uss
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e A diagonalmatrix is zero off the leading diagonal

di; O 0
D=1 0 dss O is a diagonal matrix
0 0 dss

e Theldentitymatrix / is a diagonal matrix with every element unity on the leadiragdnal

oo R
Is=(0 1 0]; Iy = 0010 are Identity matrices
001 0 0 01

Transpose and symmetry

e ThetransposeA’ is a matrix formed by flippingl about its leading diagonal.
1 4
A= L23 : Al =12 5 ai; — aj; Vi e [1,m],j € [1,n]
4 5 6
3 6
e A symmetrianatrix A is a square matrix that is equal to its transpdse A”

A= = AT is symmetricia;; = aj; Vi, j € [1,m]

W DN =t
[S1 I NG}
S Ut W

equal to its transposé” if and only if (iff) the A is square andymmetric

e A skew-symmetrior anti-symmetrianatrix A is a square matrix such that the sum4f
and its transpose is zero, i.¢.= — A7

0 2 3 0 -2 -3
A=(-2 0 5]; AT=|2 0 —5|; A=-A";=—a;  Vi,je[l,m]
-3 =50 35 0

Note that the leading diagonal of an anti-symmetric matrisstibe zero
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Matrix properties

Equality

Two matricesA and B areequalif their dimensions are identical and they contain the same
elements in the same positions

a1 ai12 bll b12
A= a91 99 ,B = b21 b22 are equauffaij = bi]’ Vi € [1,m],j € [1,n]
as;  Gso bs1 D32

Addition and subtraction

Two matricesA and B may beadded(subtractedlif their dimensions are identical. Simply add
(subtract) each element i to (from) the corresponding element.n

aj; + b ag + b
C=A+B= a21+b21 a22+b22 cij:aij—l—bij Vi € [1,m],j€ [l,n]
asi +bs1  asp + b2

aiy — by ap — bip
D=A—-B= (lgl—bgl agg—bgg dij:aij—bij Vi € [1,m],j€ [1,77,]
azr — bz azy — b3

Examples:

3 8 10 12

6) ’ AvB= (4 6 8)

9 -6 —6 —6
2) ’ A-B= (—4 4 4 )

Multiplication by a scalar

o

I
VO
IS
— 00 Ol N

A matrix A may bemultipliedby ascalar X in a similar manner, by multiplying each element
of Aby \

Aair Aaga

A = )\a21 )\agg

Aazr Aagzy

Example:
01 0 2
A=12 3]; A=2; M=AN=[4 6
4 2 8 2
4
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Rules of addition

Matrices are:

commutative
A+B=B+A
associative
(A+B)+C=A+(B+C(C)
distributive

MA+B)=)A+)\B

Further properties of the transpose

If AandB are two matrices with the same dimensions (and hence cardeérdhe transpose
of the sum is equal to the sum of the transposes of each matrix

[A+ B)Y = AT + BT
The transpose of the transpose of a mattiX must yield the original matrixi
AT = A

A matrix A may be added to its transpodé iff A is square. In this case, the result must be
symmetric

[A+ AT)T = AT + ATT = [AT + A] = [A + A7) —> symmetric
Similarly,
[A— AT]T = AT — AT = [AT — A] = —[A — A" — anti-symmetric

Note that any square matrix can therefore be expressed asithef a symmetric and anti-
symmetric matrix

A= S[A+ AT+ J[A- AT

J/

(MO | —

Vo - VT
symmetric anti—symmetric
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Matrix multiplication: the matrix product

Two matricesA and B may be multiplied if the number of columns i is the same as the
number of rows inB. The resulting product will have the same number of rowsl ad the
same number of columns &k

If A has dimensionsnf x p) and B has dimensionsp(x n), then the product’ = AB will
have the dimensions{ x n).

The elements of the produ€t = AB are defined as

p
Cij = Z(aik X bkj) Vi € [Lm]’] € [17n]
k=1

LetC = AB

bll
bay
b31

(CL21 Q22 G23 )(Czl )

Co1 = Q91 X b1y + agy X by + ags X by

(an 12 a3 )( Ci13 )

Ci3 = a11 X b1z + aja X baz + a1z X bas
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Examples:
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12
=5 5)
3 4
5=(7 )
ap_ ((1x342xT7) (1x4+2x8)) _ (17 20
“\(B5x34+6x7) (5x4+6x8))  \57 68
BA_ ((BXx14+4x5) (3x2+4x6)) _ (23 30
“\(Tx148x5) (Tx2+8x6))  \47 62

&

I
PR
Tt W o~
W N =

an = (

(1x4+2x3+3x05) ax1+2x2+3x$)_(% M)

(6x4+7x34+8x5) (6x14+7x2+8x3) 85 44
(4x1+1%x6) (4x2+1x7) (4x3+1x8) 10 16 20
BA=[3x1+4+2x6) 3x2+42x7) (3x34+2x8)| =115 20 25
(5x1+3x6) (5x2+3x7) (5x3+3x8) 23 31 39
7
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Examples:
A=(1 2 3)

oyl
|
SRS N

AB = ((1x442x5+3x6))=(32)

(4x1) (4x2) (4x3) 4 8 12
BA=[(x1) (5x2) (5x3)| =[5 10 15
(6x1) (6x2) (6x3) 6 12 18

A(AB) = ((1x32) (2x32) 4x32))=(32 64 96)
(AA)B = lllegal! A is not square

ABA)=(1x44+2x5+3x6) (1x84+2x10+3x15) (I1x6+4+2x12+3x 18))
= (32 64 96)

(AB)A= (32x1 32x2 32x3)=(32 64 96)
B(AA) = lllegal! A is not square

(BA)A = lllegal! BA has 3 columns butl has only 1 row
4 x 32
B(AB) = | 5 x 32
6 x 32
128
= | 160
192

(4x4+8x5+12x6) 128
(BA)B= | (5x5+10x5+15%6) | = | 160

(6 x 4412 x5+ 18 x 6) 192

A(BB) = lllegal! B is not square

32 x 4 128
(AB)B= |32x5 | = [ 160 3
32 x 6 192
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Rules of matrix multiplication

e The matrix productA B is legal iff A has the same number of columnsiakas rows, i.e.
Ais (m x p) andB is (p x n). The resulting matrix isrp x n).

e If ABislegal,BAis legal iff m = n. If so, BA will be of size p x p).
e Matrix multiplication isnot commutative:
AB # BA

AB: A pre-multipliesB; B post-multipliesA
BA: B pre-multipliesA; A post-multipliesB

e Matrix multiplication isassociative
A(BC) = (AB)C
o If Ais(m x p), Bis(p x ¢) andC'is (¢ x n), the productABC'is (m x n).
e Matrix multiplication isdistributive :
A(B+C)=AB+ AC
e If Ais(m x p)andB andC are both p x n), the resultA(B + C) is (m x n).
e Multiplication by the Identity matrix leaves a matrix unctgged. If A is (m x n), then
I, A=A

Al,=A

Transpose of the matrix product

The transpose of a matrix product is equal to the producteoirtatrix transposesith the order
of multiplication reversedif Ais (m x p) andB is (p x n)

[AB]" = BT A"

Note that the matrixAB]” will be (n x m).
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Determinant, minor, cofactor and adjoint

Thedeterminanbf a2 x 2 matrix is defined as the difference between the product détming
diagonal and the other diagonal, i.e. given

A= (@11 alz)
a1  a22
the determinant ofi, writtendet(A) or |A| is

11 a2

= a1 X A2 — Q21 X 12
Q21 Aa22

Al = det(A) =

Given a matrix4, theminor 1/;; is the determinant of matrid with the:*” row and;** column
removed:

11 a2 Q13
A= |axn axn axs

31 a3z 33

M — Q22  A23 Mo — G221 (23 Moo — Q21 Q22
11 = 12 = 13 =
32 A33 az1 ass 31 a3z
Moy — Q12 a3 Moy — @11 13 Mo — @11 Q12
21 = 22 = 23 =
32 A33 az1 ass 31 a3z
Q12 A13 ai; a3 a1 a2
M3 = M3y = M35 =
Q22 Q23 a1 Q23 21 Q22

Theco-factormatrix C'is defined as the matrix in which every elemepts equal to the minor
M;; times a place sign

Cij = (—1)i+j X Mij Vi € [1,m],] < [1771]

Q22 A23 ag1 A23 a21 A2

+ — +
32 A33 ag1 ass az1 as2
12 a3 11 a3 @11 A12

cC=1- + _
a32 33 a31 33 a31 a3z
Q12 Q13 ailr ams ail a2

+ — +
Q22 A23 ag1 A23 a21 A2

10
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For a matrix of sizen xm wherem is greater than 2, the determinant can be found by multiglyin
the elements of any row or column by the corresponding rowohuman in the cofactor matrix.
Example:

A:

-~ =
NoRRGLEN \V]
R0 = W

Calculate the co-factor matrix and then find the produet x C*

+4 —20 +19 . +4 411 -7
C=|+11 —-13 +5 Al =CcT=1[-20 —13 +14
—7 +14 =7 +19 +5 =7

The transpose of the co-factor matriX = C7 is called theadjoint

| 1 23 +4 411 -7 21 0 0
Ax A =AxCT=16 5 4] -20 —13 +14| =0 21 0| =21x1I;
79 8) \+19 +5 -7 0 0 21

The value that appears everywhere on the leading diagahal {Bis example) is the determinant
of the matrix

|A| = det(A) =21

To find the determinant of a large matrix (< m, m > 2), itis not necessary in practice to form
the full adjoint matrix. The determinant can be found by sitg any row (or column) of the
matrix, and summing the product of each element in that rawegtumn) with its cofactor.

|A| = a11 X c11 + aja X c1a + a3 X c13 + - - -
= Q21 X C21 + Q22 X Co2 + Q93 X Cog3 + - -+

= a3 X €31 + a32 X €32 + a3z X €33 + - -~

= a1 X €11 + Qg1 X Co1 + Qg1 X €31+ -+
= Q12 X C12 + Q29 X Co2 + a3 X C32 + - -

= 13 X C13 + Q23 X Co3 + a33 X C33 + - -~

= +ay;; X My — aig X Mg+ a3 X Mg+ ---
= —ag X Moy + age X Moy — agg X Moz + - -+
= +as; X Mgy — azp X Msy + ags X Mg+ - -

= +ay; X My —ag X My +mgp X Mgy + - --
= —a12 X Mis + az X My — mgy X Mzy + - -
:+a13><M13—a23><M23+m33><M33—|—---

11
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Properties of determinants ¢ Adding multiples of one row (or column)

. to another does not change the determinant
e If two rows or columns of matrix4 are

equal,|A| =0 a b
p a b Al = c d‘
4] = a b‘ = ad — be
=ab — ba
=0 a+ X b+ \d
|B| = c d '
e Multiplying a row (or column) by a scalar
multiplies the determinant by the same | b‘ L |Ae Ad‘
factor ¢ d c d
a b _la b c d
’A‘_cd‘ _cd‘+/\c d'
= ad — bc =|A[+0
e Transposing a matrix does not change the
Aa b -
|B| = determinant
c d
— Xad — Abe A= b‘
— A4 c d
= ad — bc
e Swapping two rows (or columns) changes
the sign
T a cC
A _ a b |A | - b d
Al=1. 4
=ad — cb
— a/d - bC _ ‘A’
B| = b a e The determinant of a product of two matrices
d c is the same as the product of their determinants
= bc —
c— ad 0 b
= —|A] Al=1. 4
e Adding elements to one row (or column) = ad — be
is equivalent to adding two determinants B e f
’A|:a—|—x b+y g h
¢ d =ch— fg
=(a+z)d—(b+y)c AB| = ae+bg af + bh
= (ad — be) + (xd — yc) ~|ce+dg cf +dh
_la b‘+ x y‘ = adeh + befg — adf g — beeh
e d c d = (ad — be)(eh — fg)
= |A][B]

12
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Matrix inverse

Recall that the product of a matrix by its adjoint is equal t® pinoduct of its determinant and
the ldentity matrix

Ax A=A x 1T
The determinant is a scalar and both sides of the equatiorbmdivided by it

A
Ax — =1
Al

The matrixA’ /| A| is called thematrix inverseof A, and is denoted by the symbdl

L
Al [A]

and has the property (jf4| # 0) that

AATT =T=A"1A

Solution of linear matrix equations

Consider the following matrix equation which has the fofth= B

IS

1 2 3 1
6 5 4 3
79 8 2

A 0 B

The matrix inversed—! can be calculated from previous results

Ad 1 +4 +11 -7 +0.19048 +0.52381 —0.33333
A= =_—|-20 —13 +14| = [ —0.95238 —0.61905 +0.66667

A 21

4] +19 +5 =7 +0.90476 +40.23810 —0.33333

Pre-multiplying both sides of the equation by the matrixeimseA " yields a direct solution to
the simultaneous equations

Ax0=1B
A'x Ax0=A'xB
I

Ix=A"'"xB

x +0.19048 +0.52381 —0.33333 1 +1.09524

y| =0=A"B={-095238 —0.61905 +0.66667 3| =1-147619

z +0.90476 +-0.23810 —0.33333 2 +0.95238
13
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Although matrix inversion yields a direct answer to lineatrx equations, it can be computationally
intensive. An alternative method of solving equations isgeGaussian eliminatiomvith back

substitution

Consider the process of solving a set of

simultaneous linear equations

dor+2y—2=95 (91)
20 4+2y+2=9 (92)
T—y+z=2 (93)

To solvex, y and z, we add or subtract
multiples of one equation from another to

eliminate variables, e.g.

dr+2y—2=5
4o + 4y + 22 =18
4o — 4y + 4z =8

dr +2y—2=5
Oz + 2y 4+ 32 =13
Ox 4+ 6y —Hz = -3

dr+2y—2=95
Or + 2y +32 =13

5
O:U—|—2y—§z:—1

dr+2y—2=5
Or + 2y + 32 =13

14
Oz +0y+ —2=14

3
R S S
TRV TR T

3 13
0 1 —2 = —
x+y+22 5

Oz +0y + 1z =3

(91)

(94 =2x g2)
(95=4x g3)
(91)

(96 = g4-91)
(97 =91-95)
(91)

(96)

(98 =5x g7)
(91)

(96)

(99 = g6-98)
(910=;x g1)
(911 =1x g6)

(912 =% x g9)

The operations can be expressed using
augmented matrirotation:

4 2 D
G=12 2 1 |9
1 2
Rows of the matrix may be multiplied by

a scalar, added to each other, or subtracted
from each other

(&)
I
IO
|

Lo
NN
—_
0 0

O =~
(NI \)
o |
—_
—_
o Ot
\_/

)
(\V]

| 13

— oW

P R -~ .
o o
O o= [\
| |
= —
oow|c’j‘3u>|cn ot
N—— N—
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The final form of the matrix is upper triangular, with 1 as thstfhon-zero element on each
row

1
_—
3
50|
1
This form of matrix is known asow echelon Using the row echelon matrix, the unknown
variables can be obtained directly using back substitution

O =Nl
Qoo Tt

1
0
0

From row 3 (g12) z2=3
3 13
From row 2 (g11) y+§z:7
13 3
V=9 797
13 3
=——=-x3
2 2~
13-9
2
=2
1 1 5
Fromrow 1 (g1 SY— 2=
om row 1 (g10) x+2y il
EERN
SRR LR
5 1 1
=—-—=-x2+-x3
TR RO
5—4+3
4
=1
15
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Gaussian elimination can also be used to find a matrix inyessaugmenting the matrix with

the ldentity matrix and reducing the original matrix down/to

N W

10

01

10

0 4

1 0
-1 4
1 o)
=1 4
5 5

L)
21
5 5
8 _4>
15 5
E
5 5
2 =3
5 5
ATt

16

(row 2« row 2 x 4)

(row 2+ row 2 - row 1)

(row 2+ row 2+ 5)

(row 1+ row 1+ 3)

(row 1+ row 1 - row 2)

(row 1+ row 13
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Transformation matrices: rotation

Y
\%
P
y R
Er \// 1N
e [
// 1 v
// 1 \\ U
/// 1 \
- 1 \
\' 1
1
1 u 0
1
< :
] X
O X

Figure 1: A point P is rotated in a Cartesian axis set

Consider a disk centred at point O on a Cartesian axi$%et’). A point P on the disk is
located at positiorix, y) as shown in Figure 1. If the disk is rotated Byadians clockwise,
point P will move relative to the axis séX, V). An equivalent effect can be seen if the point
P is considered to be fixed and the axis set is rotated artiweise, to become axis s@t, V).
Given the initial co-ordinates of Pr, y) and the angle of rotatiof, we wish to find the new
co-ordinatesu, v). Figure 2 shows the salient geometric aspects of the problémnfollowing
relationships can be obtained by inspection:

+ RO

SO
il
Sl ©
o O
_|_

=

nn
SEEENS
i
33

0G0 PS , RQ RS RG RS
COS0:::: Sln9:::: tané’::::
OF PR OF PR 00 PS

17
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O Q

Figure 2: Detail showing lines and angles of interest

Using these relationships, the required expressions cdeifiesd:

u=0R+ RS
—  — . —_— —
=OR+ PRsinf usingsinf = RS/PR
— — . —_—  —
=OR+ (y — RQ)sin usingy = PR+ RQ
— — . —_— —
=OR+ (y— ORsin®)sind usingsinf = RQ/OR
= OR(1 — sin®0) + ysin 0 collecting terms
H .
= ORcos® 0 + ysinf using sin? @ + cos? 4 = 1
—

Q 9 ) ) — —
= s 8 0+ ysind using cos = OQ/OR
— 0Q cosf + ysin 0 cancelling terms ofos 6
= xcosf + ysinf

%
v=PS
— . —_— —
= PRcosf using cos = PS/PR
— . > —
= (y — RQ) cosf usingy = PR + RQ
— . —_— —
= (y — OQtan®) cost using tan = RQ/OQ
— ycos — OQ tan f cos 0 collecting terms

— ycos — OQsin 0 cancelling terms of:os ¢

18
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Expressed in matrix form, this is

u) [ cosf sind T
v) \—sinf cosf) \y
cosf sind

The matrix . is called aTransformatiomrmatrix.
—sinf cosf

A transformation matrix for rotating th@/, V') axis set to( X, Y') can be derived in a similar
manner, but it is simpler to note that this is equivalent totation in the other direction, i.e.
with negativef). Noting thatsin —¢ = — sin # andcos —0 = cos #, the inverse transformation

is simply
x\  [(cost —sinb\ (u
y) \sinf cosd v

If we consider the rotation in 3 dimensions, the axes muskpareded to form orthogonal right
hand sets(X,Y, Z) and (U, V, W) and the point P will be represented by three co-ordinates
relative to these(z, y, z) and(u, v, w) respectively. For planar rotation of the disk about the
axis,z = w, hence the transformation matrices are

U cosy siny 0 x

v — smzp cost 0 Yy for clockwise rotation) of the disk about theZ axis
w 0 1 z

x cos w —siny 0 U

Y sin w cos®p 0 v for counter-clockwise rotatiofy of the disk about theZ axis
z 0 1 w

Similar results can be derived for rotation about Hhexis

U 1 0 0 T

v] =10 cos¢p sing Y for clockwise rotationp of the disk about theX” axis
w 0 —sing cos¢ z

T 1 0 0 U

y|l =10 cos¢p —sing v | for counter-clockwise rotation of the disk about the& axis
z 0 sing cos¢ w

and similarly for rotation about thg axis

U cosf) 0 —siné T
v | = 0 1 0 Y for clockwise rotatiorg of the disk about thé” axis
w sinf 0 cosé z
T cosf 0 sinf U
y | = 0 1 0 v for counter-clockwise rotatiof of the disk about thé” axis
z —sinf 0 cosé w

19
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Multiple rotations

Define three transformation matricés, 7, and7’, which rotate a poin§ radians clockwise
about theX, Y andZ axes respectively.

—1 1 1 1
V2 V2 V2 V2

Consider the effect of applying multiple transformationsaopoint 7, located initially on the
X axis at(1,0,0).
If P, is rotated first about th& axis, usingl’,, then the new co-ordinates will be

1 1oy 1 1
o v
h=Th=\7 » 9| =%
0 0 1 0 0
Then rotateP; about theX axis usingl’,
1 1
AN AN
PQZT;EPl: L/_% ?5 7§ = ?
0 % v/ \0 2

Note that the same effect could be achieved by multiplyirgggbsition P by the product of
both transformation matrices
P, =T,T.F,

Now consider the effect on the original positidy if the order of application is reversed, i.e.
rotation aboutX occurs before rotation about,

1 0 0 1 1

1 1
0 % 55/ \0 0
1 1 1
RN v
P=T.Ph=|2% 5 0]0]=|3
0 0 1/ \0 0

This second scenario is equivalent to multiplying the pasi?, by the matrix product’. 7,
which is the reverse of the first scenario.

P4 - TszPO

NB: Py # P, I

In general, a sequence of transformations can be appliethéarder of application is significant.
The right-most transformation matrix is thest transformation applied; the left-most matrix in
the product is théast transformation applied.

P=1T,T T, P
—~ I~~~

Last First

20
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