Question 1.

(a) By solving the auxiliary equation find the complementaryction of
T+ 3+ 2z = f(t)
(b) Find the particular integral of the differential equetif
flt) =
(c) Hence find the full general solution given that
z(0)=1 and %(0)=0

(d) Briefly describe the behaviour of the systent as oco.

[Each part 5 marks]



Solution 1.

(&) Auxiliary equation
M 4+3N+2=0
_ 2 _ _
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2

A
2x1

Complementary function
z.(t) = Ae™ + Be

(b) Particular integral
Ti(t) = Ce™™ = d,(t) = —3Ce™ and  i,(t) = 9Ce™*
Substitute into the differential equation

(9—3x3+2x1)Ce ¥ =

Equate coefficients af 3

S (9-9+2)C =1 = (0 =1/2

e

Ti(t) = 0.5~

(c) General solution
2(t) = e (t) + 2pi(t)
= Ae ' 4+ Be ™ + 0.5

z(0)=1=A+B+05
— A=05-B

i(t) = —Ae™" —2Be ™ — 1.5¢7
#0)=0=-A—2B—15

—0=—(05-B)—2B—15

z(t) = 2.5e7" — 27 4+ 0.5

All three exponential terms decay to zera asnds to infinity

(d)




Question 2.
(a) A mass-spring-damper has equation of motion
ma + bt +kxr =0
wherem is the mass) is the damping coefficient anfdis the spring con-
stant.
State expressions for the valueshahat would make the system
() Under-damped
(ii) Critically-damped
(iif) Over-damped
[3 marks]

(b) Find an expression for the positiefi) at timet if m = 1 kg, b = 2 N s/m
andk = 10 N/m.
[5 marks]

(c) Sketchthe response of the system ifitis released from rest at éadisment

z(0) = 0.3 m. Highlight the important features on your sketch.
[7 marks]

(d) Briefly describe the change in behaviour of the systemesponse to a
similar displacement if the spring constant is reduced tarh.N
[5 marks]



Solution 2.

() Under-damped b < 2vVmk
(@) (ii) Critically-damped b = 2vmk
(iif) Over-damped b > 2vVmk

(b) Auxiliary equation
mA? A+ k=X 4+2\+10=0

242214
A= 5 0:—1j:j3

Complementary function
Tep(t) = e (Asin(3t) + B cos(3t))
Particular integral

l’m(t) =0 = l’m(t) =0 andim =0

z(t) = e (Asin(3t) + Bcos(3t))

(c) The sketch should show an oscillatory response, stgatin(0) = 0.3 with
decreasing amplitude asncreases (redd’ = 10’ line in the plot below).
ObtainingA and B from the initial conditionsz(0) = 0.3 andz(0) = 0,
the exact equation of the curve is

2(t) = e (0.1sin(3t) + 0.3 cos(3t))
but this is not necessary for full marks

(d) The reduction in spring constant will make the systerticaily damped,
thus stopping it from oscillating (greert '= 1’ line below). The exact
equation (not required) is

z(t) = 0.3(1+t)e’
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